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Te+10 VAGSAT —oC There are several possibilities to de ne a spectral derf3k)
1e+09 NGDCas which is only a function of the wavenumber and independent of
1ex08 | i the azimuth. However, to avoid misinterpretati®tk) should be

de nedin such away thatitis atfor a spatially uncorrelated ‘white
noise’ magnetic eldW(xy, X»).

The autocorrelation function of a white noise magnetic eld
W(xy, X2) is a Diracs-function. Its 2-D spectral densit(ks,
k), which is the 2-D Fourier transform of the autocorrelation func-
tion, is constant. We therefore, have the simple situation in which
the 1-D spectral density of any cross-sectiorMfx,, X) is con-
stant, and the 2-D spectral denskyk;, k) is also constant. The
desired spectral density(k) is also constant if it is not de ned
1 : as an azimuthal sum but as an azimuthal average(kf, k,) as
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Figure 1. Degree variances of some recent geomagnetic eld models (Cain P(K) = i /2" P(k cosa, k sine) d ()
etal.1989; Sabakat al.2004). The upward slope above degree 15 should not 2 ’ ’

be interpreted as a noise contamination because the degree variance slop
upward for a spatially uncorrelated eld. A correctly de ned geomagnetic
power spectrum has a at crustal eld spectrum (see Fig. 4).

With de nition (5) the expected power in eq. (4) can be written as

E{B(X1, X2)?} = / P(k) 27k dk. (6)
important to have compatible de nitions of the geomagnetic power °

spectrum for global and regional data sets. Here, | provide a com- Values ofP(k) carry the unit nTkm?, which is the unit of a 2-D
plete derivation of the geomagnetic power spectrum for spherical Power spectral density. The spectral den$ifk) as de ned in (5)
harmonic expansions and plane grids. This yields the appropriateis independent of the coordinate-system.

scaling factors, including multiples of the Earth radRis grid side
lengthL and number of grid cellg, to bring spherical and plane
spectra to a common power level. A complication arises because
regional grids usually represent the anomaly of the total intensity In geocentric spherical polar coordinates, with radiusolatitude
rather than the vector of the magnetic eld. While the total intensity  and longitudep, we can writeB, following the notation of Backus
measurements do not completely determine the eld vector, it is et al. (1996), as a sum of spherical harmonic contributiBfisof
shown here that the magnetic eld spectrum can nevertheless bedegree? and ordemas

estimated from such data. The usefulness of the new de nitions is o
demonstrated by comparing the global NGDC-720 spectrum with m

the average corresponding spectra of local subgrids from NGDC'’s B(2, ¢) = Z Z B2, ¢)
World Magnetic Anomaly Map (Maust al. 2007b).

Spherical harmonic power spectrum

Q)
=1 m=—¢

where increasing values éfon a sphere with radiuscorrespond

to decreasing wavelengtiis= 2zr /(¢ 4+ 1/2). The contributions

THEORY are orthogonal in the sense that

The main challenge in de ning a geomagnetic power spectrumisto (B™(y, )BT (1, ¢)) = 0 for € # ¢ orm# m/, 8
nd the correct scale factors. The idea behind the following deriva-
tionisto rstde ne the power in a coordinate-independent way, and Where(-) denotes the mean over the surface of the sphere. Then the
then decompose it into contributions from different wavelengths for Power can be written as
a speci c coordinate system. o ¢

The internal magnetic eld on the sgrface of the Earth_has an  E{B(8, )’} = (B(®, )?) = Z Z (BI(9, ¢)?) (9)
expected valuE{B (X1, X2)} at the locationX;, X;) and a variance =1 m——t

E{[B(xl, Xz2) — E{B(Xq, xz)}]z} = E{B(xl, xz)z} — E{B(xq, xz)}z, de ning a discrete representation of the power in terms of contri-
) butions of degreé and ordem. Let us now represent the magnetic
eld contribution B} in the usual way as the gradient of a scalar

where all squares and multiplications of vectors are to be read asmagnetic potential

scalar products. The quantiB{B (X1, X2)?} shall be referred to as

the power of the eld. This power can be written as an integral over ., m_ 1 - m
the 2-D spectral densit? (ky, k) as Bi=— Y=~ ;ost o )V (10)
E{B(xq, %)’} = / / P(ky, ko) dk; dky ) with surface gradient s =r —rd, = 9y + (" /sin®)d,. The
—o0 J—00 magnetic potential is given in terms of the Gauss coef cigfjtas
0o p2r Re +1
= [ [ Ptccosa, ksine) ke ck. @ e =R() oo, )
0 0

where the Schmidt semi-normalized spherical harmonic basis func-

— K21 Kk2i ; ;
wherek = ,/ki 4 ks is the wavenumber measured in radians per tions A™(3, ¢) (Backuset al. 1996, p. 141-142) are de ned as

kilometre, andx is the azimuth. In contrast to the wavenumber, the
azimuth depends on the orientation of the coordinate system. By = cosmy P"(cosy), 0<m</¢ (12)
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B;™ = sinmg P"(cos®), 1<m<¢, (13)
and the function$,"(1) are given by
(t=mt pm ifl<m<e¢
P = | V2 P00 L =m= (14)
Pe(1) if m=0,

where P}'(u) are the associated Legendre functions (eq. 3.7.2
Backuset al. 1996). Then the power at a particular degree and
order can be written (Backuet al. 1996, p. 145-146) as

(@)= ((;

2
s‘//y ) (rar )W{ > (15)

)
@ (%) Ll (e v )] o
)

20+4
( Re Le+ 1)+ (e+1y (17)
r 20+1
2 R. 20+4
—ern@)(T) 18)

The discrete representation of the geomagnetic eld power (9) then
becomes

00 R 20+4
E{B(W, ¢)?) =) (¢ + 1)(T)

4

PCHE

m=—¢

(19)

In (19) a sum over the indax is followed by an outer sum over the
harmonic degreé. In contrast t&Z, the azimuthal inderm depends
on the orientation of the coordinate system. As in de nition (5),
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Integration starts at 1/2, as the lowest value that will rount=tol.
Next, let us transform the integrand to a function of the wavenumber
k. The wavenumber of a spherical harmonic of degrée(p. 103
Backuset al. 1996)

CJHE+1)  e+1)2 23)

r ro

We can substituted= r dk, giving
E{B(¥, 9)%} = / 2rk S(rk — 1/2) r dk (24)
1/r

00 2 _

_ / Sk =12) 5 ok (25)
1r T

P(k)

Hence, the expected pow& {B (9, ¢)?} can be written as an
integral over the spectral densiB(k), as prescribed in the nor-
malization condition (6). The spherical harmonic coef ciegf$
provide values oP(k) at wavenumberk, = (¢ + 1/2)/r with

2 ! 216 1 20+4 ¢
"0 e (8) S gy

Plk) = T @11 —

(26)

This spectral densit(k,) follows from the discrete geomagnetic
power spectrum (21) by multiplication witt /7. The spectral den-
sity P(k) is used later to relate plane spectra to the geomagnetic
power spectrung,. It is also useful for comparing magnetic eld
spectra from different planets because, in contra$; tof (21), the
spectral density(k) of (26) is an absolute measure of eld vari-
ability, independent of the radius of the sphere on which the dat
are collected. For example, #g;" and v g;' are the Gauss coef-

we become independent of the coordinate system by averaging overcients of the terrestrial and martian magnetic elds, respectively,

the azimuthal inder. Performing the inner azimuthal sum in (19)
then gives

E{B(, )’} = ) (2(+1)S,

(20)
=1
where the geomagnetic power spectr8jris de ned as
€+1 Re 20+4 ¢ 2
= %H( ) > (e (21)

m=—¢

This is the de nition that should be used for the geomagnetic power
spectrum instead oR, of eq. (1). The quantitys, of eq. (21)

thenP(Kk) of (26) allows for the direct comparison of magnetic eld
power spectra for Earth and Mars. This compatibility follows di-
rectly from de nitions (4) to (6), but it is not easy to see in (26)
because the Gauss coef cierg$ depend on the chosen planetary
reference radiufe.

Total intensity spectrum

Aeromagnetic surveys usually resolve only the total intensity of the
eld. This is primarily due to the technical dif culty of accurately
orienting a vector magnetometer on an aircraft. To compare such
data with global eld models, one can estimate the total intensity

provides the average power per independent mode, of which therespectrum from the aeromagnetic data and compare it with the global

are Z + 1 for each degreé. This is consistent with the usual
de nition of a spatial power spectrum. In contral; provides the
total power of all modes combined for a given degree. As pointed
out by Hipkin (2001), the quantitiR, is, therefore, more, adequately

total intensity spectrum. A more attractive possibility, discussed be-
low, is to directly estimate the geomagnetic power spectrum corre-
sponding to eq. (21) from the local total intensity data.

There are two ways of obtaining a globally averaged total in-

referred to as the degree variance, rather than a power spectrumtensity spectrum from the spherical harmonic coef cients of the
The degree variance, computed as an azimuthal sum (rather than afnagnetic potential. A numerical approach is to use a reverse spher-

average) over the orders, slopes upward with increasing degree
¢ for a spatially uncorrelated eld, as seen for the Earth’s crustal
magnetic eld at long wavelengths (Fig. 1).

In order to establish compatibility with plane grids, we have

ical harmonic transform to compute a latitude/longitude grid of the
magnetic eldB from the Gauss coef cientg]'. Then comput¢B|

and obtain the spherical harmonic coef cients|Bf by a forward
transform. These coef cients can then be used to compute the exact

to extend the discrete geomagnetic power spectrum (21) into atotal intensity spectrurit , by

continuous spectral density. Extending the discrete fun@jdnto
a continuous step functid®(¢), whereS(€) = Sioundg), We can write
eg. (20) as

E{B(Y, )%} = /1 , (2¢ +1) S(¢) de. (22)
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1 - 2

T = t" 27
4 (26—{-1)22(() (27)
m=—{

wheret]" are the Schmidt semi-normalized spherical harmonic co-

ef cients of the total intensity. Here, one division by/(2- 1) is






the spectrum falls off with a nearly constant slope in log—log scale.

This is due to the self-similar (fractal) distribution of the crustal
magnetization (Pilkington & Todoeschuck 1993; Maus & Dimri
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tal magnetic anomaly magzeochem. Geophys. Geosy8t. Q06017,
doi:10.1029/2007GC001643.
McKenzie, D., 1994. The relationship between topography and gravity on

1994). In the intermediate wavelength range (about 50-500 km) the ~ Earth and Venudcarus 112, 55-88.

curvature of the log—log spectrum follows naturally from the limited

depth extent of the crustal magnetization, as can be reproduced fromNI

a slab model with self-similar magnetization (Maeisal. 1997).

At longer wavelengths (500-2500 km) the spectrum is nearly at,
indicating that the crustal magnetic eld is spatially uncorrelated.
Finally, above wavelengths of 2500 km, the crustal eld is masked
by the main eld from the Earth’s core.
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APPENDIX A

In general, superimposing a harmonic of wavenumbegonto a
harmonic of wavenumbe®, leads to a sum of harmonics with
wavenumbersd; — w;) and @1 + wz). Applied to the situation of
an Earth with a dipolar main magnetic eld of harmonic degree 1,
a high degree harmonRB]' makes contributions of degrees-{ 1)
and ¢ + 1) to the total intensity of the eld. As shall be shown in
the following, the contribution in terms of power to degrée-1)

(¢ + 1), so the latter should be negligible in most cases.

Let us assume that the coordinate axis is aligned with the dipole
axis. Then
_ BE,OBE,m + Btl,o ) Btﬁ,m
- B

. (A1)

WhereBL‘vm is the projection oB]' onto the direction of the main
eld. From egs (34) and (35), witi$? o cos® follows

R. 2771
[g?(r) } V1+3cogv |B) |

A7
= 2(¢ + 1) cos? B — sind 3y B;".

(A2)

' To eliminate all occurrences of andd 5, we require the following

relations for fully normalized spherical harmonics

20,7 = (£ + L™ — \/(2@ + 1)(¢ —ZrE i ;)(E +m+ 1)13211
(A3)

m_ [E=—mE+m) o (—m+1)(¢+m+1) .
whe =\ et T QT D@3 Per
(A4)

wheres = sing andu = cos. Relations (A3) and (A4) are valid

Maus, S., Sazonova, T., Hemant, K., Fairhead, J.D. & Ravat, D., for all m and can be deduced from properties of the associated

2007b. National geophysical data center candidate for the world digi-
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Legendre functions (Backust al. 1996, eqs 3.7.38 and 3.7.14).
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Using rst (A3) and then (A4) in eq. (A2) gives

m &—-—meE+m
AP =3 +1) mﬂ[—l
(—m+1)(¢+m+1)
et 2)\/ @@ +3 (A3)

Having used fully normalized spherical harmonics, we can
argue that the rstterm on the right is three times stronger in ampli-
tude, hence, roughly one order of magnitude stronger in power than
the second term. However, this conclusion is valid only if the ex-
pectation for B)? and B;“)? is not higher than for the lower orders

Im| < ¢.
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